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Abstract
In this paper we show that the new approach to the embedding of the inflationary potentials into
supergravity, presented in a quite recent paper [11] of Ferrara, Kallosh, Linde and Porrati can be
formulated within the framework of standard matter coupled supergravity, without the use of the
new minimal auxiliary set and of conformal compensators. The only condition is the existence of a
translational Peccei Quinn isometry of the scalar Ka¨hler manifold. We suggest that this embedding
strategy based on a nilpotent gauging amounts to a profound Copernican Revolution. The properties
of the inflaton potential are encoded in the geometry of some homogeneous one-dimensional Ka¨hler
manifolds that now should be regarded as the primary object, possibly providing a link with micro-
scopic physics. We present a simple and elegant formula for the curvature of the Ka¨hler manifold
in terms of the potential. Most relevant consequence of the new strategy is that all the integrable
potentials quite recently classified in a paper [7] that we have coauthored, are automatically embed-
ded into supergravity and their associated Kahler manifolds demand urgent study. In particular one
integrable potential that provides the best fit to PLANCK data seems to have inspiring geometrical
properties deserving further study.
1Prof. Fre´ is presently fulfilling the duties of Scientific Counselor of the Italian Embassy in the Russian Federation,
Denezhnij pereulok, 5, 121002 Moscow, Russia.
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1 Introduction
Great attention has been recently given to the theoretical interpretation of the results on the CMB
spectrum obtained by the European mission PLANCK [1, 2], confirming and extending those of WMAP
[3].
These analyses have generated a general consensus in the community that the favorite explanation
of the observed data is in terms of inflationiary models based on a single scalar field φ. A vast activity
of investigations has produced a series of potentials V (φ) that display phenomenologically attractive
features [4, 5], can be reconciled with the observed parameters of the CMB power spectrum and have
some relation with supergravity [6].
It is on the other hand a well known fact that exact analytic solutions of the Friedman equations for
the scale-factor a(t) and for a single scalar field φ(t) with a potential V (φ) are extremely scarce in the
literature. For that reason, about one year ago, a research programme was started, whose results have
been published recently [7], aiming at the compilation of a bestiary of integrable potentials, namely of a
list of one field functions V (φ) that, once inserted in the Friedman equations, or in their generalization
to different gauges, produce an integrable two-field model.
It turned out that the sought for bestiary has a certain amplitude since it includes a few one-
parameter series and some sporadic cases. It also displays a challenging general feature: the integrable
potentials V (φ) are always linear combinations, or fractional linear combinations, of a few different
exponential functions exp[βiφ] with various βi. It was immediately recognized that potentials of this
type arise naturally in N = 1, or extended, supergravity based on target manifolds that are coset spaces
G/H when one gauges them. The scalar potential produced by the gauging is a polynomial function of
the coset representative so that it appears to be of the type described above, whenever it is truncated
(possibly in a consistent way) to the Cartan fields.
¿From a phenomenological point of view the class of scalar potentials that hosts the integrable ones is
also endowed with attractive features. The phenomenon of climbing scalars, which is a generic attribute
of this class, was identified in [8, 9] as a possible mechanism to explain the low ℓ oscillations of the CMB
spectrum.
For these reasons, in a parallel way to the compilation of the integrable bestiary, we started an
investigation aiming at embedding the integrable potentials in gauged supergravity models. The first
results of such a scan, that are going to appear in [10], revealed that such an embedding is a quite hard
but not an impossible task since we were able to identify two instances where a suitable truncation of a
multifield potential originating from the gauging produces one of our integrable cases. Our results tend
to suggest that integrable potentials are probably excluded in extended supergravity. For instance we
were able to classify exhaustively all the gaugings of the N = 2, STU -model and exclude, within that
environment, any truncation to a single scalar field with an integrable potential. We succeeded instead
to embed a couple of integrable potentials in N = 1 supergravity with a superpotential W (z) of the type
produced in Flux Compactifications. Obviously such an embedding is rewarding, since the superpotential
that produces the result has in principle an interpretation in terms of Fluxes, opening a way that might
eventually link the observed cosmological data to microscopic fundamental physics. Yet, from another
point of view the so far obtained results are not satisfactory for two reasons. Firstly the cases that were
successfully embedded into supergravity through a suitable superpotential are not, within the integrable
bestiary, cases with particularly attractive features from the phenomenological point of view. Secondly
it remains the question why the inflaton driving the history of the Universe should be identified by just
that one truncation that is integrable among the several other available ones that are equally good and
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equally consistent. In other words the selection of a single inflaton immersed in a multi field model raises
problems of naturality.
The authors of a paper recently appeared in the literature [11], have put forward a new viewpoint
that we do not hesitate to describe as a Copernican revolution. Indeed the basic implication of the
constructions presented in [11] is that we can solve the naturality problem a priori, by identifying
the inflaton with the unique scalar field whose potential is generated by a different gauge mechanism,
taking advantage of the D-sector, rather than of the F-sector of the Lagrangian, the latter sector being
governed by the superpotential W (z). Further conceptual implications of this Copernican revolution is
that the efforts to explain the microscopic origin of phenomenologically good potentials have to shift
gear and instead of concentrating on Flux superpotentials they should rather focus on the properties
and the origin of new peculiar and quite intriguing one-dimensional Ka¨hler manifolds that happen to
replace the familiar upper complex plane, endowed with the time honored Poincare` Lobachevsky metric.
Furthermore, implementing this revolution, all the positive definite integrable potentials included in
the bestiary of [7] become immediately available to supergravity and actually are put into one-to-one
correspondence with the non homogeneous one-dimensional Ka¨hler manifolds alluded to, few lines above.
Although what we described in the previous paragraph is what is actually at the stake in the results
of [11], the emphasis in [11] and in a few previous papers [12, 13, 14, 15, 16, 17], that prepared the
road for this big leap, is somehow shifted to another issue that we consider unessential and we fear
might distract the attention of the reader putting him on a sterile conceptual track. As it is evident
also from the title of [11] (Minimal Supergravity Models of Inflation) it seems to be advocated by its
authors that the key ingredient of supergravity that introduces the new stand point allowing to embed
almost arbitrary one-field potentials is the use of the New Minimal Formulation of the off-shell theory.
This view is further sustained by the very means of construction of the presented models that relies on
superfields, conformal tensor calculus and the use of a linear multiplet compensator rather then a chiral
multiplet one. One of the goals of our paper is to show that all that is unnecessary and that the new
stand point can be realized within the framework of standard matter coupled supergravity [18] with
just second derivatives. The only crucial requirement is the existence of a Peccei-Quinn like translation
isometry in the Ka¨hler manifold encompassing all the scalars, the inflaton being included in this number.
The gauging of this translational symmetry selects the inflaton and separates it from his friends.
In order to better clarify the issue of the auxiliary fields involved in the construction, we utilize the
rheonomic approach to supergravity [19] and we recall the results of paper [20] that appeared twenty-five
years ago, shortly after the papers [21, 22] that form the basis for the model construction presented in [11].
According to the rheonomic conception where the auxiliary fields are simply black-boxes parameterizing
the superfield curvatures, that eventually, become expressed in terms of the physical fields while going
on-shell, in [20] it was shown that the New Minimal and the Old Minimal formulation coexist within a
larger 16⊕ 16 parameterization that is actually utilized in matter coupled supergravity to insert all the
fields and all the couplings. The New Minimal formulation corresponds to the possibility of eliminating
the complex scalar auxiliary field S by means of a Weyl transformation. The condition for the existence
of such a Weyl transformation is the presence, for the Ka¨hler manifold of the scalars, of a Peccei Quinn
translation isometry. Indeed the appropriate parameter of the Weyl transformation mentioned above is
precisely the prepotential of the Killing vector that generates the Peccei-Quinn translations. Significantly
the condition of the Peccei Quinn symmetry is the same condition that allows to embed general one-field
potentials via a gauging procedure. When it is there, performing the Weyl transformation to the new
minimal form of the superspace curvature is unessential (actually it takes us away from the natural
Einstein frame): important is just the presence of such a symmetry.
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Having clarified this in the second part of the paper we dwell on the consequences of the Copernican
revolution. The gauging procedure puts into correspondence every choice of a positive definite potential
with the choice of a different Ka¨hler geometry. In particular we derive a simple but inspiring relation
between the potential and the curvature of the corresponding Ka¨hler manifold. Applied to some of the
phenomenologically most promising integrable potentials of our bestiary, this formula reveals that the
corresponding curvature realizes a smooth transition between two asymptotic Lobachevsky planes with
different curvatures, respectively approached at large and small coordinates. In between there is a kink
or wiggle structure which is probably responsible for most of the physical consequences on inflation.
The alert we would like to put forward with the present paper is that an understanding of the
Fundamental Theory behind the scene hidden by each more or less successful inflationary potential
necessarily passes through a comprehension of the geometric structure and origin of these new strange
Ka¨hler manifolds.
2 Matter coupled N = 1 Supergravity in the rheonomy framework
In order to discuss the main points announced in the introduction, in the present section we summarize
the formulation of N = 1, D = 4 supergravity and its coupling to matter multiplets according to
rheonomy approach. (For a general presentation of this approach that dates back to the beginning of the
eighties, see the book [19]). Since the structure of the Lagrangian is codified into the geometric structures
associated with the Ka¨hler geometry of the manifold MK that contains the n complex scalar fields
spanning the bosonic sector of the Wess-Zumino multiplets, we begin by recalling the basic geometric
ingredients utilized in the construction of the theory. This is done for the reader’s convenience and also
in order to fix our conventions.
2.1 Ka¨hler Geometry and Hodge bundle ingredients
The local geometry of a Ka¨hler manifold MK is encoded in the Ka¨hler potential K(z, z) that is a real
function of the complex coordinates zi and zj
⋆
. The hermitian Ka¨hler metric is given by:
gij⋆ = ∂i∂j⋆ K ⇒ ds2K = ∂i∂j⋆K dzi ⊗ dzj
⋆
(2.1)
and the Levi Civita connection on the Ka¨hler manifold as the following form:
Γi k =
{
i
j k
}
dzj = giℓ
⋆
∂j gℓ⋆k dz
j
Γi
⋆
k⋆ = Complex Conjugate of Γ
i
k (2.2)
The manifold is Hodge-Ka¨hler if there exists a line bundle L → MK whose Chern class coincides with
the Ka¨hler class, namely with the cohomology class of the Ka¨hler two-form:
K = i gij⋆ dz
i ∧ dzj⋆ (2.3)
Explicitly we must have c1(L) = [K], where the bracket denotes the cohomology class of the closed
p-form embraced by it. The holomorphic sections of this line bundle are the possible superpotentials
that encode the self interactions of the Wess-Zumino multiplets and their coupling to supergravity. The
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exponential of the Ka¨hler potential is a fiber metric on the Hodge bundle: for any holomorphic section
W (z) of such a bundle we define an invariant norm by means of the following position:
||W ||2 = exp[K]W (z)W (z¯) (2.4)
A fundamental object entering the construction of matter coupled supergravity is the logarithm of the
superpotential norm:
G(z, z¯) = log ||W ||2 = K + log W + logW (2.5)
Another fundamental ingredient in the matter coupling construction and in its gauging is provided by
the prepotentials of the holomorphic Killing vectors. Following the discussion and the conventions of
[23], if kiΛ(z), together with its complex conjugate k
i⋆
Λ (z¯), are holomorphic Killing vectors, in the sense
that the transformation:
zi → zi + ǫΛ kiΛ(z) (2.6)
is an infinitesimal isometry of the Ka¨hler metric for all choices of the small parameters ǫΛ, then the
prepotentials of these Killing vectors, which realize the corresponding isometry Lie algebra as a Lie-
Poisson algebra on the Ka¨hler manifold, are the real functions PΛ(z, z¯) = PΛ(z, z¯)⋆ defined by the
following relations:
kiΛ(z) = i g
ij⋆ ∂j⋆ PΛ ; kj
⋆
Λ (z¯) = − i gij
⋆
∂i PΛ (2.7)
In terms of the G function, supposedly invariant under the considered isometries, the Killing vector
prepotentials, satisfying the defining condition (2.7), are constructed through the following formula:
PΛ = − i 12
(
kiΛ ∂iG − ki
⋆
Λ ∂i⋆ G
)
(2.8)
2.2 Sections of the Hodge bundle and the fermions
The basic geometric mechanism that allows to gauge the global symmetries of supergravity coupled to
n Wess Zumino multiplets is the so named gauging of the composite connections. Let us recall such
a notion. The isometries of the Ka¨hler metric that take the infinitesimal form (2.6) extend to global
symmetries of the full theory, including also the fermions, since all the items appearing in the lagrangian
transform covariantly. From the geometrical point of view all fields are sections of the tangent bundle
to the Ka¨hler manifold and at the same time they are also sections of appropriate powers of the Hodge
bundle. The subtle point is that under a holomorphic isometry:
zi → zˆi = f i(z) (2.9)
the Ka¨hler potential does not necessarily remain invariant rather it transform as follows:
K (zˆ, ˆ¯z) = K (z, z¯) + F (z) + F¯ (z¯) (2.10)
where F (z) is some holomorphic function associated with the considered transformation. The function
G and the norm (2.4) are effectively invariant under isometries if the superpotential W (z) transform as
follows:
W (zˆ) = W (z) exp[−F (z)] (2.11)
By definition, the above transformation property is what defines a section of the Hodge line-bundle of
weight p = 1. The fermion fields, namely the gravitino ψ, the chiralinos χi, χj
⋆
and the gauginos λΛ
transform also as sections of the Hodge bundle, yet with half integer weights that we presently spell off.
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According to [19], we introduce the following notation for the chiral projections of the gravitino
one-form ψ and of the gaugino 0-forms λΛ that are Majorana:
ψ = ψ• + ψ• ; {
γ5 ψ• = ψ•
γ5 ψ
• = −ψ•
λΛ = λΛ• + λ
Λ|• ; { γ5 λ
Λ• = λΛ•
γ5 λ
Λ|• = −λΛ|•
(2.12)
while for the complex chiralinos we simply have:
γ5 χ
i = χi ; γ5 χ
j⋆ = −χj⋆ (2.13)
Having clarified the notation the appropriate Hodge transformations for the fermions are:
ψ• → exp
[
i 12 F (z)
]
ψ• ; ψ• → exp
[− i 12 F (z)] ψ•
λΛ• → exp
[
i 12 F (z)
]
λΛ• ; λΛ|• → exp
[− i 12 F (z)] λΛ|•
χi → exp [− i 12 F (z)] χi ; χj⋆ → exp [i 12 F (z)] χj⋆
(2.14)
These transformations are compensated by the transformation of the Hodge bundle connection which is
the following composite one-form:
Q ≡ i 12
(
∂iK dzi − ∂j⋆K dzj⋆
)
(2.15)
and enters the covariant derivatives of the fermions. For instance the gravitino covariant derivative is
defined as follows:
∇ψ• = Dψ• + iQ ∧ ψ ; Dψ• = dψ − 14 ωab ∧ γab ψ• (2.16)
The gravitino one-form and the gaugino zero-forms have no indices along the tangent bundle of the
Ka¨hler manifold and therefore do not transform in the canonical bundle. On the other hand the chiralinos
carry tangent space indices and with respect to the canonical bundle transform as holomorphic vectors.
Correspondingly they enter the lagrangian covered by a covariant derivative of the form:
∇χi ≡ Dχi + Γikχj − i12 Qχi (2.17)
In this way the isometries of the Ka¨hler manifold are promoted to global symmetries of supergravity
coupled to n vector multiplets.
2.3 Gauging of the composite connections
The basic geometric mechanism that allows to gauge the above described global symmetries is the so
named gauging of the composite connections. Let us recall such a notion, according to the discussion
of [23]. There the construction was applied to N = 2 supergravity so that the composite connections
to be gauged were those emerging in Special Ka¨hler Geometry. Here we focus on N = 1 supergravity
and we just have Hodge-Ka¨hler manifolds, yet the procedure is completely identical and it was already
introduced in [19], but only for symmetries that are linearly realized on the scalars. Here we smootly
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generalize it to any type of holomorphic isometry, by means of the prepotential of the Killing vectors. The
connections to be gauged are two: the Hodge-Ka¨hler connection (2.15) and the Levi-Civita connection
(2.2). We set :
Q → Q̂ ≡ i 12
(
∂iK∇zi − ∂j⋆K∇zj⋆
)
(2.18)
Γij → Γ̂ij =
{
i
k j
}
∇zk (2.19)
where
∇zk = dzk + gAΛ kiΛ(z) (2.20)
It follows from the various identities presented above that:
Q̂ = Q + gAΛ PΛ (2.21)
Γ̂ij = Γ
i
j + AΛ ∂j kiΛ(z) (2.22)
2.4 The N = 1 Supergravity curvatures and their rheonomic off-shell parameteriza-
tions
Having prepared the stage with the previously listed geometric ingredients, the next step in the rheonomic
algorithm for the construction of supergravity theories is given by the definition of the supergravity
curvatures and by the rheonomic solution of the associated Bianchi identities.
In the N = 1 case the curvatures of the superPoincare´ algebra, extended by means of a U(1) R-
symmetry acting only the fermionic charge and, correspondingly, on its dual one-form, the gravitino ψ,
are the following ones:
Ra ≡ D V a − iψ¯• ∧ γa ψ• ;
(
D V a ≡ dV a − ωab ∧ Vb
)
(2.23)
Rab ≡ dωab − ωac ∧ ωcb (2.24)
ρ• ≡ D ψ• + i12 A ∧ ψ• ;
(
D ψ• ≡ dψ• − 14 γab ωab ∧ ψ•
)
(2.25)
ρ• ≡ D ψ• + i12 A ∧ ψ• ;
(
D ψ• ≡ dψ• − 14 γab ωab ∧ ψ•
)
(2.26)
R[A] ≡ dA (2.27)
Setting these curvature to zero one obtains the Maurer Cartan equations that constitute the dual de-
scription of the super Poincare´ Lie algebra. At non vanishing curvatures the members of the one-form
connection, acquire the physical interpretation of fields associated with the graviton multiplet. Specif-
ically V a is the vielbein, ψ the gravitino, ωab the spin connection and A is an auxiliary one form that
will be identified with the composite Hodge-Ka¨hler connection in the coupling to matter. The Bianchi
identities following from eq.s (2.23-2.27) are the following ones:
DRa + Rab ∧ Vb − i
(
ψ¯• ∧ γa ρ• + ψ¯• ∧ γa ρ•
)
= 0 (2.28)
DRab = 0 (2.29)
Dρ• + 14 γabRab γab ∧ ψ• − i 12R[A] ∧ ψ• = 0 (2.30)
Dρ• + 14 γabRab γab ∧ ψ• − i 12R[A] ∧ ψ• = 0 (2.31)
dR[A] = 0 (2.32)
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As strongly emphasized in [20] and then widely ridiscussed in the book [19], the peculiarity of the
N = 1 case is that the rheonomy principle, which demands that the outer components of the superspace
curvatures (eq.s (2.23-2.27) in the present case) be expressed in terms of inner components2 or other
space-time fields, can be reconciled with the Bianchi-identities in an off-shell way, by introducing a finite
list of black-box tensor structures in terms of which the Bianchi identities (2.33-2.37) can be exactly
solved without implying any further constraint on the Riemann tensor or the gravitino field strength.
This is what people call an off-shell formulation of supergravity and the black-box tensor structures that
allow for the solution of Bianchi.s correspond in other approaches to the notion of auxiliary fields. In
the early paper [20] it was stressed that a convenient non minimal solution of the Bianchi identities that
allows for the embedding of both the so named old-minimal and the new minimal set of auxiliary
fields is provided in terms of 16⊕16 off-shell degrees of freedom. The 16⊕16 rheonomic parameterization
of the curvatures is the following one:
Ra = 0 (2.33)
Rab = Rabmn V
m ∧ V n − ψ¯•θab|c• ∧ Vc − ψ¯•θab|•c ∧ V c
− iS⋆ ψ¯• ∧ γab ψ• + iS ψ¯• ∧ γab ψ•
− 2 iA′c ψ¯• γd ψ• ǫabcd (2.34)
ρ• = ρab• Va ∧ Vb + iAa ψ• ∧ V a + iA′a γab ψ• ∧ V b
−ψ• ∧ ψ¯• ζ• (2.35)
ρ• = ρ•ab V
a ∧ V b + iAa ψ• ∧ V a + iA′a γab ψ• ∧ V b
−ψ• ∧ ψ¯• ζ• (2.36)
R[A] = Kab V
a ∧ V b − ψ¯•Φa|• ∧ V a − ψ¯• Φ•a ∧ V a (2.37)
In the above formulae the black boxes that constitute the auxiliary fields are:
1. The complex scalar S encoding 2 bosonic degrees of freedom
2. The Lorentz real vector A′a encoding 4 bosonic degrees of freedom.
3. The gauge one form A encoding 3 bosonic degrees of freedom
4. The spinor ζ encoding 4 fermionic degrees of freedom.
5. A new scalar C appearing in the parameterization of the derivative of ζ:
∇ζ = ∇aζ V a + C ψ (2.38)
which provides 1 bosonic degree of freedom.
It is important to note that the vector Aa does not constitute an independent degree of freedom because
it can always be reabsorbed into a redefinition of the gauge form A by setting:
A′ = A + Aa V a (2.39)
2In recent literature on the conjectured finiteness of supergravity theories the time honored rheonomy approach has
been somewhat rediscovered and what we named for almost thirty years the inner and outer components of the superspace
curvatures are now fashionably and quite imaginatively renamed the body and the soul.
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and so doing it disappears from the rheonomic parameterizations.
If we add the 10 bosonic auxiliary degrees of freedom to the 6 off-shell degrees of freedom of the
graviton we obtain 16 bosons. We recall that 6 = 10 − 4 where 10 are the entries of a symmetric
tensor and 4 are the degrees of freedom that can be removed by gauge transformations which are
diffeomorphisms in this case. Similarly, if we add the 4 fermionic auxiliary degrees of freedom to the 12
off-shell degrees of freedom of the gravitino we obtain 16 fermions. We remind that 12 = 16 − 4 where
16 are the entries of a spinor-vector and 4 are the degrees of freedom that can be removed by local
supersymmetry.
The spinor-tensor structures θ
ab|•
c , θ
ab|c
• , Φ•a, Φa|• are not independent objects, rather they are linear
combinations of the gravitino field strength ρab and of the auxiliary ζ. Their explicit form was exactly
calculated in [20] and we refer the interested reader to that paper, since we do not need them for our
present goals.
As explained in [20], the Old-minimal and the New-minimal off-shell formulations of supergravity
correspond to two different truncations of the non minimal 16 ⊕ 16 solution of Bianchi identities to a
12⊕12 minimal one that is still consistent and off-shell (no field equations are implied for the graviton or
the gravitino). From this point of view there is nothing particularly profound or challenging in the choice
of one or the other formulation, as instead it seems to be advocated when the constructive approach to
supergravity is based on superfields or superconformal tensor calculus [22],[21][11].
A) The Old Minimal formulation is obtained by suppressing altogether in the definition of the curvatures
and in the parameterization (2.33-2.37) the one form A (and hence also Aa), the spinor ζ and the
scalar C related to it. In these we leave S and A′a, which constitute the Old Minimal Set, as unique
carriers of the missing bosonic degrees of freedom.
B) The New Minimal set is obtained instead by suppressing S, θ and C, leaving the gauge form A and
A′a that is now subject to a divergenless constraint:
DaA′a = 0 (2.40)
The constraint (2.40) which reduces the degrees of freedom of A′a from 4 to 3 can be solved by assuming
that A′a is the dual of the field strength of a two-form:
A′a ∼ ǫabcd Hbcd (2.41)
and this leads to an interesting formulation of the New Minimal model in terms of a Free Differential
Algebra as pointed out in [29].
In [20] it was shown that a rheonomic parameterization of the New Minimal type can be reached
starting from a parameterization of the Old Minimal type by performing a suitable field dependent Weyl
transformation that cancels the S terms in the parameterization of the curvatures. When the theory
is already matter coupled to Wess-Zumino multiplets and the auxiliary fields are expressed in terms
of physical fields (as we are going to show below), the existence of the suitable Weyl field-dependent
parameter mentioned above is guaranteed by the existence of a Peccei-Quinn translational isometry in
the considered Ka¨hler manifold. Indeed as shown in [20], the suitable Weyl parameter is nothing else but
the prepotential of the translation symmetry Killing vector. Therefore the real meaning of New Minimal
Formulation is the existence of such a Peccei-Quinn symmetry. No new result is obtained by actually
performing the above mentioned Weyl transformation which makes all the formulae clumsier and less
practical.
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On the other hand the clue to the embedding of inflationary models into supergravity is critically
based on the existence of the quoted Peccei Quinn translational symmetry which is truely the key point.
It follows from the above discussion that in order to implement the Copernican revolution that
shifts the inflaton potential from the F -sector to the D-sector of the supergravity lagrangian and opens
new challenging views on integrable cosmologies, there is no need of a minimal formulation in terms
of superfields or of complicated manipulations in conformal tensor calculus. The standard rheonomic
or component formulation of matter coupled N = 1 supergravity are perfectly apt to incorporate the
essential mechanism and actually better clarify its nature.
So we turn to recall the essential features of matter coupled N = 1 supergravity in the rheonomic
approach.
2.5 Matter curvatures of the Wess Zumino multiplets and of the gauge sector
The third step in the rheonomic construction of a supergravity theory consists of introducing matter
curvatures or, if one prefers such a language, covariant derivatives of the matter fields which have to
be duely given a consistent rheonomic parameterization. In the most general N = 1 theory we have n
Wess-Zumino multiplets whose scalar fields span some Hodge-Kahler manifoldMK while their chiralino
partners are sections both of the Hodge line bundle and of the canonical tangent bundle, as we have
already explained. In addition we have m vector multiplets enumerated by an index Λ = 1, . . . ,m, each
of which comprises a gauge one form AΛ and a Majorana gaugino λΛ.
Henceforth we introduce the following matter curvatures for the WZ multiplets
∇ zi ≡ dzi + gAλ kiΛ(z) (2.42)
∇ zj⋆ ≡ dzj⋆ + gAλ kj⋆Λ (z¯) (2.43)
∇χi ≡ Dχi + Γ̂ikχj − i12 Q̂ χi (2.44)
∇χi ≡ Dχi + Γ̂ikχj − i12 Q̂ χi (2.45)
where Q̂ and Γ̂ik are the gauged connections defined in eq.(2.22) and
FΛ ≡ dAΛ + g fΛΓ∆AΓ ∧ A∆ (2.46)
∇λΛ• ≡ D λΛ• + i 12 Q̂ λΛ• (2.47)
∇λΛ|• ≡ D λΛ|• + i 12 Q̂ λΛ|• (2.48)
for the gauge sector, where fΛΓ∆ are the structure constants of a completely generic gauge group.
The rheonomic parameterizations of these matter curvatures is the following one:
∇ zi = Zia V a + ψ¯• χi (2.49)
∇ zj⋆ = Z¯j⋆a V a + ψ¯• χj
⋆
(2.50)
∇χi ≡ ∇iχ V a + iZia γa ψ• + Hiψ• (2.51)
∇χj⋆ ≡ ∇j⋆χ V a + iZ¯j
⋆
a γ
a ψ• + Hj⋆ψ• (2.52)
for the WZ sector and
FΛ = FΛ ab V
a ∧ V b + iλ¯Λ• γm ψ• ∧ V m + iλ¯Λ|• γm ψ• ∧ V m (2.53)
∇λΛ• = ∇a λΛ• V a + F+|Λab γab ψ• + iDΛ ψ• (2.54)
∇λΛ|• = ∇a λΛ|• V a + F−|Λab γab ψ• + iDΛ ψ• (2.55)
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for the gauge sector.
The essential newcomers entering the game when introducing matter are the new auxiliary fields:
• the n complex scalars Hi appearing in the outer direction (soul) parameterization of the chiralino
curvatures
• the m real scalars DΛ appearing in the outer direction (soul) parameterization of the gaugino
curvatures
The matter coupling is achieved when all the auxiliary fields entering the supergravity and matter
curvatures are expressed in terms of the matter fields in a way consistent with Bianchi identities (up to
field equations, since by such an identification we automatically go on shell).
2.6 On shell form of the Auxiliary Fields
Following the construction of the N = 1 theory explained in the book [19], which was repeated with
more refinements for the N = 2 case in [23], the supergravity auxiliary fields take the following form:
S = i e exp
[
1
2 G
]
= i e exp
[
1
2 K
] √
W W (2.56)
Aa = µ T˜a ; T˜a ≡ ImNΛΣ λ¯Λ• γaλΣ|• (2.57)
A′a =
1
8 Ta +
1
2 ν T˜a ; Ta = gij⋆ χ¯
i γbχ
j⋆ (2.58)
ζ• = 0 ; ζ• = 0 (2.59)
where W (z) is a holomorphic superpotential whose norm (2.4) is assumed to be invariant under the
isometries of the Ka¨hler manifold that are gauged. The complex field dependent matrix NΛΣ(z, z¯) is an
extra item of the construction that will appear in the lagrangian and it is supposed to transform under an
isometry of the Ka¨hler manifold zi 7→ f i(z) according to the following fractional linear transformation:
N (f(z), f¯(z¯)) = (AfN (z, z¯) + Bf ) (Cf N (z, z¯) + Df )−1 (2.60)
the 2m × 2m matrix: (
Af Bf
Cf Df
)
(2.61)
being the image in a symplectic 2m-dimensional linear representation of the element f ∈ Ggauge that
generates the isometry zi 7→ f i(z) of the Ka¨hler manifold. The numerical parameter e, corresponding to
the overall scale of the superpotential (it can be reabsorbed by redefining W ′ = eW ) is a sort of gauge
coupling constant of the F -gauging. Setting e = 0 switches off the S and Hi auxiliary fields (which
present below) and their contribution to the scalar potential. In a way e = 0 is just the meaning of New
Minimal Formulation.
Finally we should mention that the explicit values of the coefficients µ and ν were not calculated in
[19]. Although their determination is straightforward it is the result of a lengthy calculation that we
skipped since the fermion bilinear contributions to the auxiliary fields are irrelevant for the goals of the
present paper.
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The matter and gauge auxiliary fields have the following form:
Hi = 2 e exp [12 G] gij⋆ ∂j⋆G
= 2 e exp
[
1
2 W
]
gij
⋆ Dj⋆W (2.62)
DΛ = g
(
ImN−1)ΛΣ PΣ (2.63)
whereW is the already mentioned properly transforming superpotential and PΛ are the momentum maps
of the Killing vectors associated with the gauged isometries of the Ka¨hler manifold. The parameter g is
the gauge coupling constant, which is the N = 1 theory is completely independent from e.
2.7 The complete rheonomic Lagrangian
Having twisted together the matter and the gauge multiplets in a complete Bianchi-consistent rheonomic
parameterization of all the curvatures, the next step in the menu is the construction of a differential
form written lagrangian whose superspace–extended field equations should reproduce such rheonomic
parameterization and give also the appropriate x-space equations of motion. This task was completed
in [19] up to the calculation of a few coefficients of four fermion terms, whose knowledge is superfluous
for the sake of our present argument.
Let us present such a Lagrangian. It can be regarded as the sum of three contribution corresponding
respectively to the graviton sector, the WZ sector and the gauge sector:
L = LSugra + LWZ + LYM (2.64)
Explicitly for the Sugra part we have:
LSugra = ǫabcdRab ∧ V c ∧ V d − 4
(
ψ¯• ∧ γa ρ• + ρ• ∧ γa ψ•
) ∧ V a (2.65)
while the Lagrangian of the Wess Zumino multiplets is the following one:
LWZ = + 23 gij⋆
[
Zia
(
∇ zj⋆ − χ¯j⋆ ψ•
)
+ Z¯j
⋆
a
(∇ zi − χ¯i ψ•)] ∧ Vb ∧ Vc ∧ Vc ǫabcd
− 16 gij⋆ Zia Z¯j
⋆
a ǫb1...b4 V
b1 ∧ . . . ∧ V b4
− i 2 gij⋆
(
∇ zi ∧ χ¯j⋆ γab ψ• − ∇ zj⋆ ∧ χ¯i γab ψ•
)
∧ V a ∧ V b
− i 2 gij⋆ χ¯i γaχj⋆ V a ∧ ψ¯• ∧ γb ψ• ∧ V b
−Ra ∧ Va ∧ gij⋆ χ¯i γbχj⋆ V b
−
[
1
48 (gij⋆ gkℓ⋆ + Rj⋆iℓ⋆k) χ¯
i γaχj
⋆
χ¯k γaχ
ℓ⋆
+VWZ − mij χ¯i χj − mi⋆j⋆ χ¯i⋆ χj⋆
]
ǫb1...b4 V
b1 ∧ . . . ∧ V b4
− 4 (S ψ¯• ∧ γab ψ• + S⋆ ψ¯• ∧ γab ψ•) ∧ V a ∧ V b
+ gij⋆
(
Hi χ¯j⋆ γa ψ• + Hj⋆ χ¯i γa ψ•
)
∧ V b ∧ V c ∧ V d ǫabcd (2.66)
Finally the Lagrangian for the gauge sector is the one below:
LYM = −
(
NΛΣ F+|Λab + NΛΣ F−|Λab
) [
FΣ − i
(
λΣ• γc ψ
• + λΣ|• γc ψ•
)
∧ V c
]
∧ V a ∧ V b
12
− i 16
(
NΛΣ F−|Λab F−|Σab − NΛΣ F+|Λab F+|Σab
)
ǫc1...c4 V
c1 ∧ . . . ∧ V c4
− i 13
(
NΛΣ λ¯Λ• γa∇λΣ|• − NΛΣ λ¯Λ|• γa∇λΣ•
)
∧ V b ∧ V c ∧ V d ǫabcd
+i q1
(
NΛΣ λ¯Λ• γa ψ•DΣ + NΛΣ λ¯Λ|• γa ψ•DΣ
)
∧ V b ∧ V c ∧ V d ǫabcd
− i 4 q2 FΛ ∧
(
NΛΣ λ¯Σ|• γa ψ• + NΛΣ λ¯Σ• γa ψ•
)
∧ V a
− q3Ra ∧ Va ∧ ImNΛΣ λ¯Λ• γbλΣ|• V b
− q4 ψ¯• γa ψ• ∧ Va ∧ ImNΛΣ λ¯Λ• γbλΣ|• V b
−
[
VYM − miΛ χ¯i λΛ• − mj⋆Λχ¯j
⋆
λΛ|• − mΛΣ λ¯Λ|• λ¯Σ|•
−mΛΣ λ¯Λ• λ¯Σ•
]
ǫc1...c4 V
c1 ∧ . . . ∧ V c4 (2.67)
The coefficients q1,2,3,4 are the undetermined coefficients mentioned above, while mij , mi⋆j⋆, miΛ, mi⋆Λ
and mΛΣ denote the mass-matrices of the fermions. Those that mix only the chiralinos were calculated
in [19] and have the following precise structure:
mij =
e
6
(∂iG∂j G + ∇i ∂j G) e
G
2 (2.68)
mi⋆j⋆ =
e
6
(∂i⋆ G∂j⋆ G + ∇i⋆ ∂j⋆ G) e
G
2 (2.69)
for those that mix the chiralinos with the gauginos we can only mention the structure, but not the precise
coefficients q5,6,7 since they were not calculated in [19]:
mi⋆Λ = q5 g
ij⋆∂j⋆ GPΛ + q6∂iPΛ
mΛΣ = q7 exp
[
1
2 K
] PΛ PΣ (2.70)
The values of the coefficients q5,6,7 are anyhow inessential for our present argument.
2.8 The scalar potential
The most important item for what we desire to discuss is the scalar potential. According to a general
argument firstly introduced in [24] for the N = 8 theory and then extended to all the other theories
[25, 26, 27]3 the scalar potential in all supergravity theories can be represented as a quadratic form in the
auxiliary fields appearing in the transformation rules of the spin 12 and spin
3
2 fermions with coefficients
that are determined by the coefficients of the kinetic terms of the corresponding fermions. In the case
of N = 1 supergravity this representation takes the following explicit form:
V = 14 gij⋆ HiHj
⋆︸ ︷︷ ︸
chiralinos contr.
− 3S S⋆︸ ︷︷ ︸
gravitino contr.
+ 13
(
ImN−1)
ΛΣ
DΛDΣ︸ ︷︷ ︸
gaugino contr.
= e2 exp [K]
(
gij
⋆ DiW Dj⋆W − 3 |W |2
)
+ 13 g
2 ImNΛΣ PΛ PΣ (2.71)
In this way we have reconstructed, within the rheonomic framework, the general form of matter coupled
N = 1 supergravity as first presented in [18]. The difference between the present formulation and that
3For a general discussion see [28].
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of [18] is mainly aesthetical. The structures of the Hodge-Ka¨hler geometry underlying the lagrangian
had not yet been recognized at that time and many different items entering the lagrangian were written
in non covariant notations. The rheonomic approach, besides incorporating such geometrical structures
in a natural way offers the unique possibility of obtaining the lagrangian directly in component form
while being able at the same time to discuss such issues as the Old Minimal or New Minimal form of the
supersymmetry algebra that, as we have advocated plays no real role in the embedding of cosmological
models.
The relevant point for us is that from standard N = 1 supergravity we can extract a bosonic
lagrangian of the form presented in the next section.
2.9 General form of the bosonic lagrangian
Relying on the discussions of the previous sections the general form of the bosonic lagrangian for an
N = 1 supergravity is the following one:
L(4) =
√
|det g|
[
R[g]− 1
2
∇µzi∇νzj⋆gij⋆ gµν + ImNΛΣ FΛµνFΣ|µν − V
]
+
1
2
ReNΛΣ FΛµνFΣρσǫµνρσ ,
(2.72)
where
∇µzi = ∂µzi + gAΛµ kiΛ(z) (2.73)
and the potential is given by eq.(2.71).
This is our starting point in order to revisit the ideas introduced in [11] showing that by means of a
translation gauging we can embed into standard supergravity all the integrable cosmologies discovered
and classified in [7].
3 Embedding inflaton models
Starting from a generic theory of supergravity with n+1Wess-Zumino multiplets andm vector multiplets
we focus on the case where the Ka¨hler manifold has the following direct product structure:
MKa¨hler = MJ ⊗ MK (3.1)
the submanifold MJ having complex dimension one while the manifold MK has complex dimension n.
Furthermore denoting by Ω the complex coordinate that labels the point of MJ and writing:
Ω = iC + B (3.2)
we assume that the group of translations B → B+c is a group of isometries for the Ka¨hler manifoldMJ .
All this amounts to assume the following structure for the complete Ka¨hler potential of the manifold
(3.1).
K̂ = J (ImΩ) + K(z, z) (3.3)
where J (ImΩ) is any real function of its argument while K(z, z) is a generic Ka¨hler potential for the
manifold MK.
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The Ka¨hler metric that defines the kinetic terms of the scalars in the lagrangian takes the form:
ds2Ka¨hler =
1
4 J
′′ (ImΩ) |dΩ|2 + gij⋆ dzi dzj⋆ (3.4)
and the G-function is the following one:
G = J (ImΩ) + K(z, z) + log [W (Ω, z) W¯ (Ω¯, z¯)] (3.5)
The mechanism that allows to generate an inflaton potential is based on the gauging of the translation
isometry Ω → Ω + c with c ∈ R. In order for this gauging to be feasible it is necessary that such
an isometry of the Ka¨hler metric extends to a bona fide global symmetry of the entire supergravity
lagrangian coupled to the n + 1 Wess-Zumino multiplets. This happens if and only if the function G
is invariant under the translation Ω → Ω + c. Such invariance implies that the superpotential W (Ω, z)
should not depend on the field Ω:
∂ΩW (Ω, z) = 0 ⇒ W (Ω, z) = W (z) (3.6)
Under these conditions the Wess-Zumino part of the complete scalar potential takes the following form:
VWZ = exp [J ]
exp [K](gij⋆ DiW Dj⋆W − 3 |W |2)︸ ︷︷ ︸
potential of the n multiplets
+ exp [K] (J
′)2
J ′′
|W |2
 (3.7)
In addition, the gauging of the translation symmetry produces a contribution to the full potential:
V = VYM + VWZ (3.8)
that according to the general formula (2.71) has the following structure:
VYM =
1
3 ImN00
(P0)2 (3.9)
the function P0 being the momentum map of the Killing vector that generates the translation isometry
Ω→ Ω+ c. In the case in which we choose the certainly invariant function:
N00 = δΛΣ (3.10)
the gauge contribution to the potential becomes the perfect square of a function of the coordinate C
which is very simple to calculate. Using the general formula (2.8) we find:
P0 = 12
dJ
dC
≡ 12 J ′
VYM =
1
12 g
2
(
J ′(C)
)2
(3.11)
The complete potential (3.8) can be reduced to a function of the single field C if the other moduli fields zi
can be stabilized in a C-independent way. A very simple calculation, shows that this occurs generically
if the superpotential W (z) has a critical point at W = 0, namely if a set of values zi0 does exist such
that:
DiW |zi=zi
0
= 0 ; W (z0) = 0 (3.12)
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After stabilization the potential reduces to:
V (C) = const2 × (J ′(C))2 (3.13)
which is definite positive. The kinetic term, however, is not canonical, since, after neglecting the B field
that is eaten up by the vector field in the Higgs mechanism, the relevant scalar part of the Lagrangian
reduces to:
Lscalar = 2
(
1
4 J
′′(C) ∂µC ∂µC − const2 ×
(
J ′(C)
)2)
(3.14)
Following the basic suggestion of [11] we can introduce a field redefinition that reduces the kinetic term
to its canonical form. Setting
C = C(φ) (3.15)
imposing that:
J ′′(C) (dC)2 = J ′′(C)
(
dC
dφ
)2
(dφ)2 = (dφ)2 (3.16)
Recalling equation (3.11) and naming:
D(φ) = − 2P0(C) = J ′(C) (3.17)
condition (3.16) becomes:
1 =
dD(φ)
dφ
dφ
dC
(
dC
dφ
)2
=
dD(φ)
dφ
(
dC
dφ
)
(3.18)
from which we deduce (
dC
dφ
)
=
(
dD(φ)
dφ
)−1
(3.19)
In this way we obtain:
Lscalar = 2
(
1
4 ∂
µφ∂µφ − const2 × (D(φ))2
)
(3.20)
In this way, any positive definite potential V (φ) can be embedded into supergravity by reinterpreting its
square root as the momentum map of a translation killing vector in a one-dimensional Ka¨hler manifold
4:
D(φ) =
√
V (φ) → P0 ≡ P = − 12
√
V (φ) (3.21)
The intriguing question is how to work out the corresponding Ka¨hler potential or, formulating it in a
more intrinsic way, independently from the used coordinates, what is the geometry of the underlying
one-dimensional Ka¨hler manifold?
3.1 Relation between the potential and the Ka¨hler curvature
In order to give an answer to the above question, let us recall that the local geometry of a two dimensional
manifold with euclidian signature is completely determined by a single invariant function of the two
coordinates, namely by the unique intrinsic component of the Riemann tensor. Notwithstanding the fact
that the calculation of the Ka¨hler potential is quite difficult for a generic potential V (φ) since it involves
4For simplicity we have dropped the index 0 since there is only one gauged generator and only one prepotential, no
confusion being possible.
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the use of the inverse of functions defined by indefinite integrals, yet the calculation of the intrinsic
curvature is fairly easy and leads to a very suggestive relation which can shed light on the geometrical
interpretation of inflaton models. Let us see how this is possible.
Reinstalling the axion B and using the relations (3.18) and (3.19) we see that, in terms of the
coordinates {φ,B} the metric of the Ka¨hler manifold has the following form:
ds2Ka¨hler =
1
4 dφ
2 +
(P ′(φ))2 dB2 (3.22)
where the momentum map of the translation Killing vector P ′(φ) is related to the potential by eq.(3.21).
This coordinate is well adapted to translation symmetry B → B + c which is manifest. We introduce
the zweibein E0E1 by setting:
E1 = 12 dφ
E2 = P ′(φ) dB (3.23)
and the Levi-Civita spin connection trough the standard structural equations:
dE1 + ω ∧ E2 = 0 (3.24)
dE2 − ω ∧ E1 = 0 (3.25)
Eq.s (3.25) are immediately solved by
ω = −2P ′′(φ) dB (3.26)
From this result immediately follows the curvature two form:
R ≡ dω ≡ R(φ)E1 ∧ E2
R(φ) = −4 P
′′′(φ)
P ′(φ) (3.27)
In terms of the scalar potential V (φ) we obtain the following relation:
R(φ) = − 4
(
V ′′′
V ′
− 32
V ′′
V
− 34
(
V ′
V
)2)
(φ) (3.28)
The underlying Ka¨hler manifold is a homogeneous space SU(1,1)U(1) only when the curvature R(φ) turns
out to be a constant. This can happen also with non trivial potentials V (φ) which therefore simply
emerge from an astute change of coordinates. When R(φ) is not constant the manifold is necessarily non
homogeneous and one can try to study its properties from the behavior of its curvature applying case
by case standard techniques of differential geometry. Understanding the intrinsic geometric properties
of the Ka¨hler manifold associated with each considered inflaton potential is the preliminary and main
step in order to understand its possible dynamical origin in string theory.
As a final general remark let us mention that starting from the form (3.22) of the Ka¨hler metric
we can easily derive a parametric expression for the geodesics reduced to quadratures. The analysis of
the shape of geodesics provides a visualization of the geometry of a space and the following formulae
might be very useful to investigating the elusive nature of the new spaces associated with the inflationary
potential.
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Addressing the calculation of geodesics as a variational problem where the metric plays the role of a
Lagrangian and using as affine parameter the geodesic length s we write:
L = φ˙2 + Q(φ)2B˙2 (3.29)
where we have set φ˙ = dφds and B˙ =
dB
ds . Furthermore we have denoted:
Q(φ) =
d
dφ
√
V (φ) (3.30)
The variable B is cyclic and we have an immediate integral of motion that we name 1/R:
Q(φ)2 B˙ =
1
R
(3.31)
Replacing this information back in the Lagrangian we have the consistency constraint
1 = φ˙2 +
1
R2
1
Q2(φ)
(3.32)
Using the relation dφds = φ˙ =
dφ
dB
dB
ds and inserting once more the integral of motion (3.31) we obtain:
B(φ) = ±
∫
dφ
Q(φ)
√
R2Q2(φ) − 1 + B0 (3.33)
where B0 is an integration constant. The function B(φ) is the real part of complex coordinate Ω. By C
we have denoted the imaginary part of the same for which we already know its expression in terms of
the parameter φ. Indeed in previous calculations we have found:
C(φ) =
∫
dφ
Q(φ)
(3.34)
We have therefore a complete set of geodesics. They are labeled by the parameters R and B0 and are
given in parametric form in terms of φ. In the case of the Lobachevski plane Q(φ) = exp[−φ], and
by straightforward calculation we obtain C(φ) = exp[φ] and B(φ) = ±√R2 − C2 + B0, so that the
geodesics are half circles in the upper complex plane with radius R and center on the real axes in B0.
With different functions Q(φ) we obtain that the geodesics are deformations of such circles.
4 Examples with integrable potentials in supergravity
In a recent paper [7] A. Sagnotti and the two of us have presented a bestiary of one-field potentials that
lead to integrable cosmological models, discussing also several properties of the ensuing exact solutions.
It was pointed out that some of these models display phenomenologically attractive features, in some
cases yielding a graceful exit from inflation. In a couple of separate publications Sagnotti has also
shown that the phenomenon of climbing scalars, displayed by all of the integrable models we were able
to classify, has the potential ability to explain the oscillations in the low angular momentum part of
the CMB spectrum, apparently observed by PLANCK. In his recent talk given at the Dubna SQS2013
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workshop, our coauthor has also shown a best fit to the PLANCK data for the low ℓ part of the spectrum,
by using the series of integrable potentials5
V (φ) = a exp
[
2
√
3 γ φ
]
+ b exp
[√
3 (γ + 1)φ
]
(4.1)
This best fit selects the particularly nice value γ = −76 .
In paper [7] we posed the question whether integrable potentials can be fitted into supergravity and
in a forthcoming publication [10] we show that, although their type is very natural in gauged extended
supergravities, the precise combinations implied by integrability are hard to be met. For instance, by
means of the classification of all the gaugings of the STU model with N = 2 supersymmetry, in [10]
we are able to exclude the presence of integrable potentials in such an environment. However, although
hard, the task is not impossible and, within N = 1 supergravity, gauged by superpotentials of the type
that appear in flux compactifications, we were able to single out a pair of integrable cases (they will be
presented in [10]).
On the other hand, adopting the point of view presented in this paper, which springs from the ideas
put forward in [11], the embedding of integrable potentials into supergravity becomes feasible for all the
cases where the potential is positive definite. This is certainly the case for the best fit case of eq.(4.1)
when a > 0, b > 0 and for almost all cases in our bestiary.
In this framework, the effort to understand the Physics underlying the emergence of such integrable
potentials changes gear. Instead of looking for the mechanisms that determine suitable superpotentials,
the focus is shifted on trying to understand the nature of the corresponding one dimensional Ka¨hler
geometry. In the road toward the solution of this problem the formula (3.28) that relates the potential
to the curvature of the Ka¨hler manifold constitutes a first illuminating step. Evaluating it on a few
examples of scalar potentials we see that the underlying Ka¨hler manifold is asymptotically (for large
positive or negative φ) a coset manifold SU(1,1)
U(1) , however, typically with different values of its curvature
at one and the other extremum of the range of φ. In this way it appears that the manifold sustaining such
potentials are a kind of instanton connecting two different vacua. All this reminds us of the phenomena
taking place in the case of Calabi-Yau moduli space where the geometry is, for large radii, that of a
homogeneous space and it is instead deformed at small radii by non perturbative quantum corrections
induced by world-sheet instantons. The shift of the potential from the F-sector of the superpotential to
the D-sector and the Ka¨hler potential also vaguely reminds us of mirror symmetry and the trading of
complex structure deformations with Ka¨hler class deformations, alias of the exchange of the A-twisted
and B-twisted topological field theories. Further inspiration from these vague analogies might help to
get a more profound understanding of the integrable potentials at stake and of the corresponding Ka¨hler
geometries. In this paper we confine ourselves to mention such possibility and we just present a first
glance at the curvatures corresponding to a few examples of integrable potentials.
4.1 The integrable series 2 in [7]
The integrable potentials of the series 2 in the bestiary of [7] are those mentioned in eq.(4.1). Applying
eq.(3.28) to these potentials we find the following expression for the Ka¨hler curvature:
Rγ(φ) = − 4 N(φ)
D(φ)
5In comparing the following equation with the table of paper [7], please note the coefficient
√
3 appearing in the exponents
that has been introduced to convert the unconventional normalization of the field ϕ used there to the canonical normalization
of the field φ used here.
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N(φ) = 3
(
8a3e6
√
3γφγ3 + b3e3
√
3(γ+1)φ(γ + 1)3 + 4a2be
√
3(5γ+1)φ
(
5γ3 + 1
)
+2ab2e2
√
3(2γ+1)φ
(
8γ3 − 3γ2 + 6γ + 1))
D(φ) = 4
(
e2
√
3γφa+ be
√
3(γ+1)φ
)2 (
2ae2
√
3γφγ + be
√
3(γ+1)φ(γ + 1)
)
(4.2)
If in eq.(4.2) we insert the best fit value γ = −76 found by Sagnotti and furthermore we redefine the
parameters setting a = λ ∗ b, we obtain:
R−76
(φ) = − 1
12
39λ
 28014λ+ e 13φ2√3 − 15λ + 28e
13φ
2
√
3(
λ+ e
13φ
2
√
3
)2
+ 1
 (4.3)
where the overall scale b cancels. For all λ.s the function R−76
(φ) has the property:
R−76
(−∞) = − 49
3
; R−76
(∞) = − 1
12
(4.4)
The structure of the curvature functions, whose plots are displayed for some values of λ in fig.1, reveals
that these spaces realize a smooth transition from an SU(1, 1)/U(1) with one value of the curvature
R−∞ to another one with a different value R∞. The shape of that transition has an interesting wiggle
structure with first a peak and then a rapid descent to the lower value of the curvature. Let us stress
-4 -2 2 4
Φ
-30
-25
-20
-15
-10
-5
R
Figure 1: Plots of the Ka¨hler curvature, versus coordinate φ for the best fit model γ = −76 . The
continuous line corresponds to the value λ = 14 , the thick dashed line corresponds to the value λ = 1,
while the thin dashed line corresponds to the value λ = 4. The smaller is λ the earlier occurs the peak in
the curvature. The bigger λ the longer the initial value of the curvature R = 4912 is maintained and the
later we see the peak.
that in terms of the Ka¨hler potential for SU(1, 1)/U(1) written as:
Ksu(1,1)(z, z¯) = − log [(z − z¯)q] (4.5)
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the curvature is simply linked to the parameter q as it follows:
Rsu(1,1) = −
4
q
(4.6)
Indeed, using the solvable parameterization of the manifold
z = i exp
[
1√
q
φ
]
+ B (4.7)
the SU(1, 1)/U(1) metric is written in the form (3.22) with:
P ′(φ) =
√
q
4
exp
[
− 1√
q
φ
]
(4.8)
which upon use of eq.(3.27) yields the result (4.6). In conclusion the best fit Ka¨hler manifold is a kink
connecting the two q-indices:
q−∞ =
12
49
⇒ q∞ = 48 (4.9)
These rational numbers are likely to hide some profound meaning in terms of brane-wrapping or similar
higher dimensional mechanisms as suggested by the brane interpretation of the best fit model put forward
by Sagnotti and briefly summarized in [7].
4.2 The integrable series 7 in [7]
The integrable potentials of the series 7 in the bestiary of [7] are quite interesting since when we put
either C1 = 0 or C2 = 0 they take the form of a perfect square, as suggested by their momentum map
interpretation. Here we consider the case C2 = 0 for exemplification. Using the appropriate conversion
of normalizations we have:
V (φ) = const (P(φ))2
P(φ) = −1
2
cosh
1
γ
−1 (√
3γφ
)
(4.10)
Using this information in the curvature formula eq.(3.27) we find:
Rγ| cosh(φ) = − 12
((
6γ2 − 5γ + 1) tanh2 (√3γφ)+ (3− 5γ)γ) (4.11)
In this case the asymptotic value of the curvature is the same at φ = ±∞ and we have:
Rγ| cosh(±∞) = −12 (1 − γ)2 ⇒ q±∞ = 3 (1 − γ)2 (4.12)
A very intriguing fact is that for the two values γ = 12 and γ =
1
3 the dependenc on φ of the curvature
disappears. This means that in these two cases the Ka¨hler manifold is just the homogeneous space
SU(1, 1)/U(1) and that the potential is created by gauging some appropriate translational subgroup
conjugate to the standard one
(
1 c
0 1
)
of SL(2,R) ∼ SU(1, 1). The plots of the Ka¨hler curvature for
some different values of γ are displayed in fig.2. For all the γ.s different from the two critical values
the plots shows that also in this case two asymptotically homogeneous Ka¨hler manifolds are smootly
connected. The only difference with the previous case is that they have the same curvature at both end
points of the range.
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Figure 2: Plots of the Ka¨hler curvature, versus coordinate φ for the integrable potential of eq. (4.10).
The continuous thin line corresponds to the value γ = 23 , the thick continuous line corresponds to the
value γ = 34 . The thin dashed line corresponds to the value γ =
1
2 while the thick dashed line corresponds
to the value γ = 13 which yields the very special integer value q = 3.
4.3 The ArcTan potential 6 in [7]
In the bestiary compiled in [7] a distinct place is occupied by the following potential 6:
VArcTan(φ) = arctan
(
exp
[
− 2
√
3φ
])
(4.13)
As shown in [7], the exact solutions streaming from such a potential display an essentially realistic
number e-fold inflation followed by a graceful exit to a power-like type of expansion. It is therefore
quite challenging trying to understand which type of Ka¨hler manifold allows its embedding into N = 1
supergravity via the discussed gauging mechanism. As a first step in this direction we present the
curvature of such a Ka¨hler manifold. It is given by the following function:
RArcTan(φ) = − 4 N(φ)
D(φ)
N(φ) = 3e4
√
3φ
(
8 cosh
(
4
√
3φ
)
tan−1
(
e−2
√
3φ
)2
− 24 tan−1
(
e−2
√
3φ
)2
−12 sinh
(
2
√
3φ
)
tan−1
(
e−2
√
3φ
)
+ 3
)
D(φ) =
(
1 + e4
√
3φ
)2
tan−1
(
e−2
√
3φ
)2
(4.14)
The limiting values of this curvature at φ = ±∞ are the following quite inspiring integer ones:
RArcTan(−∞) = − 48 ⇒ q∞ = 13
RArcTan(∞) = − 12 ⇒ q∞ = 43
(4.15)
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Figure 3: Plot of the Ka¨hler curvature, versus the coordinate φ for the integrable potential of eq. (4.13) .
The plot of the curvature, displayed in fig.3, apart from the two asymptotic behaviors shows an inter-
esting oscillation in the interior which certainly demands further consideration and interpretation.
5 Conclusions
In this paper we have shown that the Copernican revolution about the embedding into supergravity
of inflationary potentials that was started by the authors of [11] can be naturally formulated within
Standard N=1 supergravity, the use of the New Minimal formulation and of conformal tensor calculus
being unessential. We have also shown that each potential defines a new Ka¨hler geometry whose main
invariant classifier, the curvature, is accessible to calculation via a nice formula. Also the geodesics of
the space defined by every potential are accessible and given in parametric form by quadratures. We
advocate that the study of these geometries is the most urgent task in order to deepen our understanding
of inflationary cosmologies.
The most relevant consequence of the Copernican revolution is that by this token all the integrable
potentials of the bestiary compiled in [7] become accessible to supergravity.
We have shortly dwelled on the embedding and on the curvature of one of the integrable potentials
which the analysis of Sagnotti shows to be the most promising for the explanation of PLANCK data at
low angular momenta ℓ. The shape of the curvature for this model is very simple and inspiring. We
conclude by saying that a new unexpected but potentially very profound path to connect inflation to
fundamental theory has opened up. The developments might be quite far reaching.
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